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454. 


A THIRD MEMOIR ON QUARTIC SURFACES. 


[From the Proceedings of the London Mathematical Society, vol. 111. (1869—1871), 
pp. 234—266. Read April 13, 1871.] 


THE present Memoir is a continuation of my former researches on Nodal Quartic 
Surfaces, [445, 451]. The leading idea is, that for a quartic surface with k-nodes, given 
the nature of the circumscribed, (b — 1) nodal, sextic cone belonging to any one node of 
the surface {for instance, k=10, that it is a cone (3, 3) composed of two cubic cones}, 
we thereby determine the equation of the quartic surface, and consequently the nature 
of the remaining (k— 1) nodes thereof. By means of this general theory I complete, 
in an essential point, the theory of the Symmetroid; viz, I show that a 10-nodal 
quartic surface having a single node (3, 3) is a Symmetroid; whence, as appears by 
my second Memoir, [451], each of the remaining nine nodes is also a node (3, 3); and 
we have the theory of the remarkable system of ten points in space such that, joining 
any one of them with the remaining nine, the nine lines thus obtained are the inter- 
sections of two cubic cones. A large part of the Memoir is devoted to the consideration 
of the surfaces with 16, 15, 14, and 13 nodes: this is substantially a reproduction of 
the results obtained by Kummer in the Memoir “Ueber die algebraischen Strahlen- 
systeme, &c.,” already referred to; but the results in question are brought into 
connexion with the theory of the present Memoir, and they are, by a change of the 
constants, exhibited in a form of much greater symmetry and elegance. I attach 
importance also to the square diagrams by means of which I have exhibited, in a 
compendious form, the relation between the several nodes and circumscribed sextic cones. 


The paragraphs are numbered consecutively with those of the first and second 
Memoirs. 
Preliminary Considerations and Classification. 


125. I call to mind that if a quartic surface has a node (conical point), then 
there is for this node a tangent quadricone and a circumscribed sextic cone; viz. if 
the surface has (b— 1) other nodes, or in all £ nodes, then the sextic cone ling (k — 1) 
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nodal lines (passing through the other nodes respectively), and we have thus for the 
different forms of the sextic the table No. 11; viz., this is 


CIRCUMSCRIBED SEXTIC CONE. 


Nodes of | Nodal Lines 
Surface. | of Cones. 


1 0 6 

2 1 6, 

3 2 6, 

4 3 6, 

5 4 6, 

6 5 Ma 1 

7 6 & d) 

8 7 eux 

9 8 6, 5,1 4,2 

10 9 hh en Boe e E DT Bye 

11 10 AEB you w'1 0S 

12 11 Ll A otis Sik ne o Md E dp 

13 12 disk) 3 B go Wu. lola AA 

14 13 B,D, nS E 
15 14 Hae A es Ba 
16 15 3057, 15 i ME 


viz., 6 denotes a proper sextic cone without nodal lines; 6, a proper sextic cone with 
one nodal line; 5, 1 a proper quintic cone and a plane, &c. 


We may distinguish the nodes according to the sextic cones; thus, a node 6 means 
a node for which the circumscribed cone is a proper sextic cone, (1, 1, 1, 1, 1, 1) 
a node where the circumscribed cone breaks up into six planes, &c. 


126. A 16-nodal surface has 16 nodes (1, 1, 1, 1, 1, 1), and a 15-nodal surface 
has 15 nodes (2, 1, 1, 1, 1); but, for a 14-nodal surface, the question arises how many 
nodes are (3,, 1, 1, 1), and how many (2, 2, 1, 1). It was remarked, No. 13, that the 
only possible cases were 14, 0; 8, 6; or 2, 12; and that we might, in like manner, 
limit the number of possible cases for other values of k; but that the inquiry was 
not then further pursued. I resume this inquiry, but without obtaining as yet a 
complete answer. 


197. It is to be observed that a line joining any two nodes is not, in general, 
a line on the surface, but that it may be so; the surfaces for which this is so 
(viz, any surface which contains upon it a line through two nodes) form, however, 


6 Vit 94 
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a class by themselves, which at present I altogether exclude from consideration. This 
being so, it will appear in the sequel that there is but one kind of surface having 
a node (2, 2, 1, 1), and but one kind of surface having a node (3,, 1, 1, 1). Now there 
is a surface, Kummer's 14-nodal, the nodes of which are 8(3,, 1, 1, 1)+6(2, 2, 1, 1); 
wherefore the two kinds are identical, and are each of them Kummer's 14-nodal surface. 
Similarly, for the 13-nodal surfaces, there is but one kind having a node (4, 1, 1), 
but one kind having a node (3, 1, 1, 1), and moreover but one kind having a node 
(3,, 2, 1); and we have Kummers 13-nodal surface with the nodes 3(45, 1, 1). 
+1(3, 1, 1, 1)+9(3,, 2, 1); hence the three kinds are identical with each other and 
with Kummer's. Moreover, there is but one kind having a node (2, 2, 2); hence all 
the other nodes must be (2, 2, 2) and we have a surface 13(2, 2, 2) not given by 
Kummer. And in like manner for the 12-nodal surfaces, we have the two kinds given 
by Kummer, and a third kind 12(4, 1, 1) not given by him; the arrangement thus 
far being 


No. of Nodes. Character of Surface. 
16 1041, 7L, L, Id, di 
15 15.09, 15HL, Audi 
14 S(à, L i, (200,9 y 


13 (a)  3(4, 1, 1)+1(3, 1, 1, 1)+9(3,, 2, 1), 
» (8) 13(2, 2, 2), 
12 (a) 12(4, 2), 
» (8) 2(5, 1)+6(3,, 3,) + 4 (8, 2, 1), 
» (y) 12(4, 1, 1). 
128. But in the next following case we have Kummer's surface, viz. 
11 (ad) =: 1 (6) +10 (3, 3), 


and I do not know whether one, two, or three kinds of surface having nodes (4,, 1, 1), 
(4,, 2), and (5;, 1). And in the next case we have (as will appear) the Symmetroid, viz., 


10 (a) 10(3, 3), 


and I do not know how many kinds of surfaces having a node or nodes 6s, (54, 1), (4,, 2), 
(4, 1, 1). 


It will be observed that the present division has nothing to do with the octadic 
and dianodal division in the former Memoir. 


129. I consider a conic A — 0, and any six tangents thereof, t, — 0, t,=0, t¿=0, t,=0, 
t;=0, t; =0; we have an identical equation which might be written AC — B= t tststatste, 
but it will be convenient, introducing a constant factor K, to write it 


AC — B E Ft titit 


B being a cubic function and C a quartic function of the coordinates. 
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Consider now the series of factors, such as 


la, 

lA +mtts, 

SA +mttts, 

UA + mtititsts, 

VA +m ttttt, 

WA + mtytotyt gtsts, 
where m is a constant, l a constant, s a linear function, U, V, W functions of the 
degrees 2, 3, 4 respectively; and compose with one or more such factors an expression 
involving the term Kt,t.t;t,t,t;; for instance, such an expression is 


K , ; 
ay GA + Mitt) (UA mtt) te; 


this is, of the form AQ + Kt,t,t,t,t,t,, viz, AQ --(AC — B), or A(Q+C)-—B?, say AT — B*; 
or what is the same thing, introducing a new coordinate w, we have a quadric function 


Aw? + 2Bw +T, 


the discriminant of which, AT — B*, is equal to the expression in question. 


130. In the sequel (z, y, z, w) are considered as the coordinates of a point in 
space; A=0 is thus a quadric cone, t,=0, t;=0...t =0, any six tangent planes 
thereof; and hence Aw?+2Bw+T=0 a quartic surface, having the point (z—0, y — 0, 
Z — 0) for a node, whereof the circumscribed cone AT — B*—0 breaks up in the assumed 
manner. 


Thus, in order that the circumscribed cone may be as above 


(SA + mt, tit;) (UA + m’tyts) to, 
we have only to assume 


K / , , 
T = O + man 94 oh sm tit; -H U'mt, tats) be, 


and so in other cases. Observe that sA +mt;tot, =0 is a cubic cone, which, so long as 
s, m are arbitrary, has no nodal line; but establishing a single relation (say s remains 
arbitrary, but a proper value is assigned to m) it will be a cubic cone having a 
nodal line. And so UA + mt,t,t;t,=0 is a quartic cone without any nodal line, but 
by particularising the constants it may be made to have one, two, or three nodal lines. 
Such nodal determinations are obviously required in order that the formula may extend 
to all the before-mentioned forms of the circumscribed cone. The foregoing analysis 
is the foundation of the whole theory: I have given it, as above, apart from the 
theory, in order that the nature of it may be the better perceived; but I have now to 
bring it into connexion with the theory. 


On the Sextic Curves, A,B,— C2 — 0. 


131. I revert to the consideration of plane curves. The equation of a sextic 
curve (*$x, y, 2? — 0 cannot be in general expressed in the form AC — B*=0, where 
34—2 
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the degrees of A, B, C are 2, 3, 4 respectively; in fact, the existence of such a form 
implies that there is a conic 4 — 0 touching the sextic 6 times; and since a conic 
can only be made to satisfy 5 conditions, there is not in general any such conic. 


132. Such conic, when it exists, is said to be inscribed in the sextic, and the 
sextic to be circumscribed about the conic, or to be an “amphigram;” and then, 
A=0 being the equation of the conic, that of the sextic is expressible in the form 
in question AC—B*=0. It is clear that B=0 is a cubic curve passing through the 
6 points of contact of the conic with the sextic, and that any such curve may be 
taken for the curve B; in fact if a particular cubic through the 6 points is B’=0, 
and the equation of the sextic is AUC'— B”=0, then taking p an arbitrary linear 
function of the coordinates, the equation of the general cubic is B= B’+pA=0; aud 
then writing 

A=A, 
B=B'+pA, 
C=C'+2B'p+ Ap, 


we have AC—B*=AC'— B^; so that the original form AC’ — B? 2 0 becomes AC — B* — 0. 
But the cubic B=0 being assumed at pleasure, the quartic C —0 is a determinate curve. 


133. It is to be observed that a sextic curve may be an amphigram in more 
than one way: certainly in two, three, or four, and possibly in a greater number of 
ways. For the equation of the curve contains 27 constants, and hence determining 
the sextic so as to touch 4 given conics each of them 6 times, there are still 
3 constants; and the curve will be an amphigram in regard to each of the 4 conics; 
say it is a quadruple amphigram. But in the sequel we are only concerned with a 
sextic curve considered as an amphigram in regard to a given conic A=0 (no 
attention being paid to the other inscribed conics, if any); and then, by what precedes, 
taking B=0 any cubic whatever through the 6 points of contact, we have a determinate 
quartic curve C=0, and the equation of the sextic curve assumes the form AC — B: — 0. 


134. The curves 4 —0, B=0, C=0 contain respectively 5, 9, 14 constants; whence 
considering the function B as containing an arbitrary constant factor, for the curve 
AC — B^ «0, the number of constants is primá facie 5 4- 9-- 14--1— 29; but on account 
of the arbitrary linear function p, the real number is 29 — 3 — 26: this is right, for a 
sextic curve contains 27 constants; and the curve being an amphigram, there is one 
relation between the constants, 27 —1 — 26. 


135. Suppose now that the sextic curve AC — B*— 0 breaks up into two or more 
separate curves, say into the two curves P —0, Q=0 of the orders f, y respectively ; 


f+9=6. We have 
AC— B=PQ=0; 


and the conic A — 0 touching the sextic six times, must, it is clear, touch the curves 
P=0, Q=0, f and g times respectively. And so when the sextic breaks up into any 
number of curves, each component curve P=0 of the order f must touch the sextic 
g times. 
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136. It follows that if the sextic break up into six lines, say AC — B?=¢,t,t;t,t;t,=0, 
then that each of the lines t,=0, t;=0,...t;=0 is a tangent to the conic. And con- 
versely, starting with the conic A =0 and any six tangents thereof f, — 0, t= 0, ... te= 0, 
we have an identity of the form in question. In fact, taking any two of the tangents, 
say t,=0 and t:=0, then, if p=0 be the equation of the line joining their points 
of intersection, the equation of the conic will be of the form tt,+p'=0, that is, we 
may write A=tGdt, + p", or what is the same thing, t,t,= A —p? (Considering A as a 
. given quadric function of the coordinates, this of course implies that the implicit 
constant factors of ti, t, p are properly determined.) Similarly g=0 being the line 
through the points of contact of tf; t and r=0 that through the points of contact 
of ts, ts, we have tt,=A—g* and t¢,=A—~r*; whence, to satisfy the equation 


AC me p = ta ta ta tutste, 


we have only to assume B=lA+pqr, l an arbitrary linear function of the coordinates, 
and the equation then gives 


C— A?— A (PHE) +r + rp” +p?) + PA + 2lpqr. 


137. It will be observed that the grouping of the six tangents into pairs is 
arbitrary. By altering this grouping, we merely alter the linear function J, but do not 
obtain any new solution. Thus, say that the new form is B=VA-+p'qr” then, by 
properly determining the linear function /, we can reduce this to the original form 
B=lA + pqr; viz, we can satisfy identically the equation (| — l) A -- pqr — p'q'' 20; or 
what is the same thing, AA +pqr—p'qr'=O0, where A is a linear function of the 
coordinates. We have, in fact, the conic 4 — 0 and the cubic pgr=0 intersecting in 
the six points of contact any other cubie through these six points; and consequently 
the cubic p'g7'— 0 must be expressible in the form XA--pqr-0, and we have thus 
the identity in question. 


138. We have just seen that the value of B is necessarily of the form B=1lA + pqr, 
but we are not concerned with its expression in this particular form. What we require 
in the sequel is à value of B, and thence one of C, satisfying the identity in question, 
AC— B=ttytsttst,; or what is the same thing, introducing for convenience a constant 
factor K, the identity j 

AG TPS Kt hit tt. 


139. Instead of C, I write TP, and consider the sextic amphigram AT —- B?=0 
touched by the conic A — 0 in the points of contact of the conic with the six tangents 
t=0, t,=0, ...t,=0. Suppose the sextic curve breaks up into factors; if one of 
these factors is a line, it is one of the six tangents, say the tangent t,=0. If there 
is a conic factor, this is a conic touching the conic A=0 at its points of contact with 
two of the tangents, say the equation is lA+mtt, =0. Similarly, if there is a cubic, 
quartic, or quintic factor, then the equation hereof is sA + mt,t,t,=0, UA + mt,t,tst, = 0, 
or VA +mhttstuts=0. Or going on to the next case of a sextic factor (being of course 
the whole curve), we may say that this is WA + mt t:tstıtste=0. (Observe that since 
AC— B= Kttytgtytsts, this means only that the equation of the sextic amphigram is 
of the assumed form AT — B? = 0.) 
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140. By what precedes we can, for a sextic amphigram which breaks up in any 
assigned manner, determine the value of I. For instance, let the amphigram break 
up into two cubic curves; say these are 3A + mt,t,t;=0, sA+mi,t,t; =0. Assume 


K 


mm 


AT-B= 


(SA +mtitat) (s A + nt,tst,), 


then this equation is 


AT — Bè= ES [ss A? + (sm't,t,t, +s'mtitat) A} + AC — Bi; 


" 
that is, we have 


K 


1 
mm 


p Lm C + (ss' A + sm 't4tst, + s'mtitots), 


and so in any other case. 


I have already adverted to the question of the “nodal determination” of the 
formule, and it might be properly here considered; viz, the question is as to the 
determination of the constants in such manner that, for instance, sA +mt,t,t;=0 may 
be a nodal cubic, UA +mt,t,t,t,=0 a nodal, binodal, or trinodal quartic, &c.; but I 
defer it for the moment in order first to apply the theory to the quartic surfaces. 


Application to Quartic Surfaces. 


141. If a quartic surface has a node or nodes, we may take for a node the point 
x=0, y=0, z=0; the equation of the quartic surface is then of the form 


Aw? + 2Bw+T=0, 


where A, B, T are functions of a, y, z of the degrees 2, 3, 4 respectively. A =O is 
the tangent quadricone at the node in question; and the circumscribed cone is 
AT — Bi=0. By what precedes, this is an amphigram touching the quadricone along 
six generating lines thereof; say the tangent planes of the cone 4=0 along these 
six lines respectively are t,=0, t;=0,...t; =0. We have then an identical equation 


AC — B? = Ett tite, 


viz, regarding for a moment this equation as an equation for the determination of B, 
and B' as any particular solution thereof, then its general solution is B’+tA, where 
tis an arbitrary linear function of (a, y, 2), and the B in the equation of the surface 
is properly = B’+tA. But by the substituting w—t in place of w, the B of the 
equation of the surface would then be made =B’; and it thus appears that we may, 
without loss of generality, take the B of this equation to be any particular value 
satisfying the identity in question; and then, B having such particular value, C is a 
quartic function of (#, y, z) completely determined by the same identity. And we then, 
by what precedes, at once determine I' so that the circumscribed cone AT — 2*—0 
may be a cone breaking up in any assigned manner; for instance, if it be a cone 
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(3, 3), then, as just mentioned, the two cubic cones are sA + mtt.t;=0, sA+mi,t,t; — 0; 
and T' has the value 


K 1 1 / 
T = C —, (8s A + sm'tytste + s'mh tst), 


above obtained. 


On the Nodal Determination. 


142. I am not able to discuss with much completeness the question of nodal 
determination. We have to consider a cubic curve sÁ +mt,t,t,¿=0, a quartic curve 
UA + mt,tt£ —0, &c. as the case may be, and to determine the constants so that 
this shall have a node or nodes. Consider for a moment the form PA --t,Q-0, where 
Q denotes the product mtst,... of all or any of the tangents t,,...t,; the orders of 
PA, tQ are of course equal, that is, the order of P is less by unity than that of Q. 
I say that, by establishing a single relation between the constants, this may be made to 
have a node at the point of contact A=0,t,=0. In fact, writing A — A0 -- n9, + v6;, 
where A, w, v are arbitrary, there wil be a node at any point if for that point 
A(PA+4Q)=0. But for the point 4-20, f£, 20 this becomes PAA + QAt,=0; 
moreover, if t=0 be any other tangent of the conic A=0, and if p=0 be the line 
joining the points of contact of the tangents t, t, then we may write A — tf, — p, and. 
thence (since at the point in question, 4=0, t,=0, we have also p=0) we find 
AA =tAt,, and the foregoing equation thus becomes ((P+(Q) At, =0; viz, this equation 
is satisfied irrespectively of the values of A, w, v, if only at the point in question 
(that is, for the values of the coordinates which belong to the point t,=0, A — 0) we 
have tP+Q=0, which is a single relation between the constants. 


143. In particular the cubic curve sA +mt,t,t, =0 may be made to have a node 
at the point of contact of any one of the three tangents; the quartic curve 
UA + mt,t,t,t,=0, a node, or two or three nodes, at the point or points of contact of 
any one, two, or three of the four tangents; and so in other cases. These are not 
the only solutions, and they are in fact solutions which (as afterwards explained) 
I propose to reject, attending in each case only to the remaining or proper solutions 
of the problem. 


144. To obtain in a different manner the foregoing result, consider again the 
cubic curve sÁ + mt,tt;=0; regarding this as a given curve, the conie A=0 is a conic 
determined (not of course completely) as a conic having therewith 3 points of 2-pointic 
intersection; viz, if the cubic has a node, then the cone A=O is either a conic 
passing through the node and besides touching the curve twice, or else it is a conic 
touching the curve 3 times; the former is of course the above mentioned case where 
there is a node at one of the points of contact on the conic A=0; the latter is 
regarded as the proper solution. So in the case of a quartic curve UA + mt,tatyt,= 0, 
regarding this as a given curve, the conic A=0 is a conic having therewith four 
points of 2-pointic intersection; viz. if the quartic curve has one, two, or three nodes, 
then the conic is either a conic passing through one, two, or three nodes, and besides 
touching the quartic thrice, twice, or once; or else it is a conic touching the quartic 
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four times. The former is the above mentioned case where there is a node or nodes 
at a point or points of contact with the conic A=0; the latter is regarded as the 
proper solution. 


145. To fix the ideas, and at the same time obtain a result which will be 
afterwards useful, I work out the formule for the cubic curve sA + mtt.t;=0, taking 
this equation under the form 

(t Se) te yr t — Bye 2e0— day) + mays = 0. 
This may have a node in two different ways; viz., 


1*. At the point of contact of one of the tangents z=0, y=0, z=0 with the 
conic A=0; say at the point of contact of z—0, that is, the point 2=0, y—2=0. 


: 4 1 1 WA k 
The value of m is e hence Platos im; and, substituting, the equation of 
the curve becomes 


E a (à? — 2æ (y + 2) +(y — 23) + 4 mz (2 + y — z} — 0, 


which has obviously a node at the point in question. 


2°. The node may be at a point not on the conic 44-0, viz. the value of m 

2 

18 (er pe pi) the equation is 
Apv 
(X p T vy 


pp xyz = 0. 


ee A Sod 24 2 — 2yz — Lex — 
(iD ey + 2yz — 22x — Day) + 


In fact, writing for shortness 


—-Ai+u+v=L, 
Ai—-u+v=M; 
A+u—v=N 
A+p+v =P, 


the node is at the point æ : y:2=2X: Mu: Nv; which is at once verified, if we 
remark that, writing for convenience z, y, z= LX, My, Nv, then we have 


—-a2+y+z=MN, 
z-y+2=NL, 
z+y—2z=LM, 
pr a? + y+ 2 2y2— 220 — wy = — LMNP (= A). 


For, of the three equations for the coordinates of a node, the first is 


1 ey 2) PA d A 
x Sok he te 20 y 2) E ys =0, 
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that is, for the values in question, 


1 : Ls bla 
— 5 LMNP + P(-2MN)4 a MNy» — 0, 


that is 
— LMNP —2XAMNP + PMN =0, 


or. finally, —L —2X--P —0, which is satisfied; and similarly the other two equations 
- are satisfied. 


Quartic Surfaces resumed. 


146. Passing now from curves to cones, and to the theory of the quartic surface, 
suppose that there is a component cone having a nodal line, say the cubic cone 
SA +mt,t.t,¿=0: if the remaining factor is t,t,t;, then we have 


Ar- B= E eA + mt tats) touts. 


Suppose the nodal line is a line of contact with the cone A — 0, say its equations 
are t,=0, p=0 (p a linear function), then sA +mt,t,t, is a quadric function (*§t, p°), 
(of course with variable coefficients); hence AT — B? is a quadric function; and A 
being a linear function (*§¢, p) it follows that B is a linear function, and thence 
that I' is also a linear function; that is, A, B, T are each of them a linear function 
(*$t,, p) or the line in question (viz. the line of contact A — 0, t,=0) is a line on the 
quartic surface 4w*+2Bw+T=0. As already mentioned, I exclude from consideration 
the surfaces which have upon them a line through two nodes; that is, I exclude 
from consideration the case in question where any component cone, or say where the 
sextic cone, has a nodal line which is a line on the tangent cone A — 0. 


147. Now, excluding the case just referred to, J assume as a postulate that there 
is but one way in which the cubic cone sA +mt,t,t,¿=0 can be made to have a nodal 
line, or the quartic cone UA +mt,t,tst, — 0 one, two, or three nodal lines &c., as the case 
may be. It is to be understood that this does not mean that the constants are in 
any of these cases completely determined, but that there is between them a relation 
or relations constituting a general solution which includes in itself every particular 
solution whatever. I have no doubt that as regards the cubic cone at least the 
assumption is correct. This being so, the character of a single node determines the 
nature of the surface; for instance, if there is a node (3,, 3), then taking this as 
the point (r=0, y=0, z=0) the equation of the surface is 42+ 2Bw -- T' 20, where 


K / 1 / 
Tr=C ur (ss A + U'stytst, + ls't, tts), 
a surface of a determinate nature; so that the character of all the remaining nodes 


is completely determined. 


148. The point to be attended to is, that if for instance there were two essentially 
distinct ways of giving the cubic cone sA+mttt;=0 a nodal line (such as there 
would be if the excluded case were considered admissible), then the foregoing equation 


OF VIT. 35 
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of the surface would or might include two distinct forms of equation applying to 
different kinds of surface. The conclusion is that there is but one kind of quartic 
surface having a node (3,, 3). Admitting this, and similarly that there is but one kind 
of quartic surface having a node 6,, it follows that if (as the fact is) there is a 
surface having the nodes 1(6,)+10(3,, 3) (Kummer’s 11-nodal surface), then that the 
two first-mentioned kinds are in fact each of them this last-mentioned kind of 
surface; and it was in this manner that I arrived at the enumeration given near the 
beginning of the present Memoir. 


149. The reasoning is, of course, in place of a direct demonstration which would 
consist in showing that a surface having a node (3,, 3) has 9 other like nodes, and 
also a node 6,; and that a surface having a node 6, has 10 other nodes (3,, 3); 
and that, starting from either form of equation, we could, by passing to a node of 
the other kind, obtain the other form of equation. 


Enumeration of the Cases. 


150. I collect the results as follows: I call to mind that we have always the identical 
equation AC — B? = Kt,t,t,t,t;t,, that the equation of the surface is Aw*+2Bw+T=0, 
and that the circumscribed cone is AN —B=-0 The equation of a surface having 
different kinds of nodes will assume different forms according as the origin (or point 
æ=0, y —0, 2=0) is taken to be at a node of one or other of these kinds; these 
forms of the equations are distinguished as “node-forms,”—yviz., we speak of the node- 
form (3,, 3) when the origin is a node (3,, 3), and so in other cases. 


The 16-nodal surface 
16 (1,"H fid, Bal) 


node-form 

1,21; 1) ged) 
cone is 

t bts t. tst, = 0, 
and 


P 20; 
viz, equation is 
Aw? + 2Bw 4- C — 0. 
The 15-nodal surface 
Ib (2 LOUP v» 


node-form 
(Ed, ad 
cone 1s 
(LA + mtt) tztstste = 0, 
and 


W b w 
D=C +2 tate = 0. 
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The 14-nodal surface 
8(3,, 1, 1, 1)+6(2, 2, 1, 1), 


node-form 

(8, E IE 
cone is 

(SA + mt, tts) ttt, = 0, 
wbere 
SA + mtitt =O is a nodal cubic 3,, 
and 
D» UT ues; 
node-form 
(243.1) 

cone is 

(LA 4 mt,t,) (UA + mtti) tts = 0, 
and 


K / / 1 
D= C — WA  Im'tt, + Umt t) toto 


The 13 (a)-nodal surface 
3(4,, 1, 1) - 1(3, 1, 1, 1) +9(3,, 2, 1), 


node-form 
(45, E 1), 
cone is 
(UA + mtitatat) tat, = 0, 
where 
UA +mtttt,=0 is a trinodal quartic 4, 
and 
T=C+ = UNES; 
m 
node-form 
(gre ts IY 
cone is 
(SA + mt, tots) tytsts = 0, 
and 
l2Ca4 staat 
node-form 
(3,, 2, l), 
cone is 
(SA +mtit,t) (UA + m't,t) t, = 0, 
where 
SA + mt,t.t,;=0 is a nodal cubic 3,, 
and 
I 4 j : 
T=C+ ; (SUA + mM st,t; + mUt, tots) to. 
mm 


35—3 
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The 13 (8)-nodal surface 
13(2, 2, 2), 


node-form 
(27 2) 2), 
cone is 
(LA + mtt) (UA + mtt) (UA + m"tst,) = 0, 
and 


Bui G e Li mg UT At (UU mtt, + UIm'tg, + Um” tet) A 


lè Hn 


+ lm/m"tst, tuts + Um" mtstst t, 


The 12(a)-nodal surface 


12 (45, 2), 

node-form 
(45, 2), 
cone is 
(UA + mtt,tt) (UA + m't;t,) = 0, 
where 
UA + mt,t,t,t, = 0 is a trinodal quartic 4,, 

and 


P=C+— ea UA +m Utt, + Umt tatti). 


The 12 (8)-nodal surface 
2(5, 1)+6(3;, 3,)+4(3, 2, 1), 


node-form 
¿ (36, 1), 
cone is 
(VA + mt, tytst,ts) ts = 0, 
where 
VA + mt,t,t,t,t—0 is a 6-nodal quintic 5,, 
and 1 
T=C+ E Vies 
m 
node-form 
(3,, 31), 
cone is 
(SA + mt,tat,) (SA + m’tytste) = 0, 
where 
SA + mt,t,t;=0 and sA +mht,t;=0 are each of them a nodal cubic 3,, 
and 
‘A + m’stytsts + ms't tats) ; 
node-form 
(3, 2, 1), 
cone is 
(SA + mtitat) (UA + mtt) t, = 0, 
and 


T= Wy MU f E sA + m ‘Stats + Umt, tots) te. 
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The 12 (y)-nodal surface, 
12 (4,, 1, 1), 


node-form 
(45, a, 1), 
cone is 
(UA + mt tgtst,) tst, = 0, 
where 
UA + mt,t t;t,=0 is a binodal quartic 4, 
`and 


r-04 E vit, 
m 
The 11 (a)-nodal surface, i 
1 (6,0) + 10 (3,, 3) 
(60), 
WA + Mt, batststste = 0, 


where this is a 10-nodal sextic 6,, 


node -form 


cone is 


and 
T=C+ al W 
m 
node-form 
; (3,, 3), 
cone is 
(SA + mt,t,t,) (s A + m't,tst,) = 0, 
where 
SA +mt,t.t;=0 is a nodal cubic 3,, 
and 
T=0+ rt (ss A + m’stytst, + ms'titats). 
Other 11-nodal surfaces, 
node-form 
e (55; 1), 
cone is 
(VA + mtytztststs) t, = 0, 
where 
VA + mt,t,t,t,t, =0 is a 5-nodal quintic 5,, 
and 
o=T+~ 7%, =0; 
m 
node-form 
(4, 2), 
cone is 
(UA +mbttst) (UA + mtsts) = 0, 
where 
UA + mt,t.t,t,=0 is a binodal quartic 4, 
and 


r204 É (UA 4 m Utt 4 Umttatat,); 
mm 
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node-form 
yi (4, E 1), 
cone is 
(UA + mt,tatot,) tts = 0, 
where 
UA + mt,t,tst, is a nodal quartic 4, 
and 


m 
but whether these node-forms belong to the same or to different surfaces is not 
ascertained. 
The enumeration is not extended to the 10-nodal surfaces, but I consider one case 
of these surfaces. 
The 10 (a)-nodal surface 10 (3, 3). 
151. I assume only that there is a single node (3, 3): taking the cone to be 
(SA + mtitats) (SSA + m’t,tsts) = 0; 


then for the equation of the surface, in the node-form (3, 3) in question, we have 


T=C X. > E ava + sm tytst, + S mt, tats). 


But I present this result under a different form, as follows: I write 
A=p+ftit=q+gtt,=r+ht,ts, 


where f, g, h are constants, and, as before, p=0, g=0, r 2 0 are the lines joining the 
points of contact of ti, ta; tz, t,; and ts, t respectively: we have 


2. (A — 
SA + mt, t,t; = SA + mis (4 7^ ) $ and s'A + m'tytste =S A+ mt, (4 À 5) ; 


or in place of s, s introducing new linear functions c, a”, the cubic curves may be 


taken to be cA ag a, a A BN. A DN so that we have 


ké h 
AP— Ban ES "1 - 7 Pt) (04 -F rt) ; 
K F m' SU E. 
o pd ti o'A prs PT : ): 
Ej 2 74 T is K A 
E (ee Aw + TI "LA'A Ze py n pra) A 


AV 
whence B= (zx) (pqr + tA), where t is a linear function of the coordinates; and we 


then have 


ad K / Le a 2 mm’ 2 K 2 
D= y (704 om pet, o! pt + prt) + cx (CA + 3tpgr), 
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where A may be considered as standing for q"+gtst. The equation Aw?+2Bu+T=0 
of the surface, substituting throughout for A its value, is therefore 


Krèt 
(q? + gtst,) w + 2 E {par +t (q? + gtst)) w 


K UA mm K 
ry [eu (E + gtst) — Pid "au ne Pt; + y^ pr + foh [E (q? + gtst) + 2tpqr] = 0, 


where the cone is 
fo (9? + gtsts) — FP pu) | o (q? + gtsti) — T rt = 0, 


152. Writing in the equation of the surface w (+ y instead of w, it becomes 


Jah 
(È + gtst) w + 2[pqr + t (g? + gtets)] w 


+ fok Ea h [oo (q? + gtsts) — o — Te paten a; pits + E pre TO (q? + gtt) + 2tpgr=0; 
and then writing n and T o” for c and o” respectively, this is 


(q? + gtst) w” + 2pqrw + 2tw (q? + gtsts) 
" 1 
+g [or (q? + gtst) — ort, — opt, + / pr] + (9? + gtsts) + 2tpqr = 0. 


We may consider £j, t as denoting not the functions originally so represented, but 
these functions each multiplied by a suitable constant, and thereupon write g=—1; 
viz, t¿=0, t=0, will now denote any two tangents to the conic 4 —0, the implicit 
factors being so determined that A=q' —i,t,. The equation of the surface is 


(q? — tat,) w? + 2pqrw + 2tw (q? — tst) 


— ac! (P — bati) + orti+ 0 "pot, + por? + C (9 — tet.) + 2pgrt = 0; 
viz, this is 
(P — tat) [(w +t) — e^] + 2pqr (w +t) + ort, + 0 pot, + pr? = 


the sextic cone being 
lo (q? tat.) — pts} la" (q? TR tata) a Plaj = 0. 


153. But the foregoing equation of the surface is 


Se, Data 9r. 190 


as is at once seen by developing the determinant; the functions w +t, e, a”, p, q, T, ta, ts 
are all of them linear; and the determinant is thus a symmetrical quartic determinant 
the terms whereof are linear functions of the coordinates; viz. the surface is a 
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symmetroid. That is, a surface having a single node (3, 3) is a symmetroid; but I 
have shown (Second Memoir, No. 116) that a symmetroid has each of its ten nodes 
(3, 3); wherefore the surface having a single node (3, 3) is the 10(a)-nodal surface, 
nodes 10 (3, 3). 


154. Start from two cubic cones U=0, V —0, having each the same vertex 
(r—0, y —0, 2-0); we may in a variety of ways determine the two cones aU + 8V — 0, 
yU+6V=0, having a common inscribed quadric cone A=0 (viz, a: 8 being assumed 
at pleasure, then y : 8 will be determined; not, I believe, uniquely, but I do not 
know what the multiplicity is) This being so, the quadric cone A=0 is uniquely 
determined; and then, assuming at pleasure the plane w=0, the 10(a)-nodal surface 
Aw? --2Bw--I —0 is uniquely determined: consequently the remaining nine nodes are 
determinate points on the nine lines U—0, V —0 respectively. And we have thus 
a system of ten points in space such that, joining any one of them with the remaining 
nine, the nine lines so obtained are the intersections of two cubic cones, or say that 
they are an ennead of lines. 


Notation for the Cases afterwards considered. 


155. I proceed to further develope the theory of some of the different surfaces. 
The same node-form of equation will, of course, assume different shapes according to 
the actual expressions in terms of the coordinates (æ, y, z) of the several functions 
A, &c., which enter into it. I have found it convenient to attribute to A and B 
certain specific values which are not in every case those of the coefficients of w?, w in 
the equation of the surface: this meaus that we must, in the equation of the surface, 
substitute new symbols for these coefficients, and write the equation say in the form 
A'w? -- 2B^w--T —0; the change of notation, when it occurs, will be duly explained. 


156. It is in general (but not always) convenient to take the equation of the 
tangent cone to be a?--3?--zi—2yz—2zz —2zy — 0 for then any plane at Ar 
where a+ 8--y-0, wil be a tangent plane; so that six tangent planes may be 
represented by z—0, y —0, z=0, and by three equations of the form just referred to. 
And in reference to this assumed form of the equation of the tangent cone, and to 
what follows, I write 

a+B +7=0, 


a! +8 Ty = 0, 


a^ + B" 4- y" — 0, 

a B y 

2 

€. Fou 
PLE : 

qv. acy 
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X =a (yy y— BB"2), 
Y =8 (da z —y y'a), 
Z = y (B'B"z — a’ a’ a^ y), 


X' =a’ (yy y Á p" B 2), 
=p’ (aa iin Y y æ), 
Z' =ý (8Ba-a'a y), 


Wia (y y4— B B 2), 
ya =P" (a ol Z —y y 2), 
AN zy" (8 B' « ae a! y), 
A — a? p y? + 2? — 2yz — 22x — day, 
B — aat'a" (y'z — yz) + 88'B" (22 — za?) + yy y” (ay — wy?) + Maya, 


C = (aa' a^ yz + BB'B"z« + yy + ray); 
where 


M=(B —y )da"+(y —a)B'B"+(2a —B )yy” 
=(B'—qy')a'a +(y —a') B'8 (X —B' ) dry, 
—(8"—«")a« +(y'—a”)BB' -(a" — 8")v y, 
-—4(8-— E  — y) (B" — 7) + (y — 2) (y ra) (y — 0") + (a - 8) (@— BY) (a — 87); 


also 


X = 4aa'a" BB’ B YY Y” : 
and we have identically 


so mera ae pe en 


The 16-nodal Surface 16 (1, 1, 1, 1, 1, 1). 
157. Kummer starts from an irrational equation, which is readily converted into 
the following 
Va(X —w)+Vy(¥ —w)+N2(Z—w)=0, 

and then, rationalizing, we have 

Aw? + 2Bw+ C — 0, 
where as above 

AC — B= Kayz PP'P". 
This agrees with the foregoing theory; viz, the point (c=0, y=0, z=0) being a node, 
the rationalized equation must, of course, be in the node-form (1, 1, i, 1, 1, l), (being 


the only node-form); and the symmetry of the formule enables us at once to write 
C. VII. 36 
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down the equations of the 16 singular planes, and thence 
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of the 16 nodes; viz., 


the singular planes are 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 


where the nodes and planes are numbered as by 


aq. s, 
y =0, 
£g z 0, 
w= 0, 
X —w - 0, 
Y —w=0, 
Z —w=0, 
Piz 0; 
X'—w=0, 
Y'—w=0, 
Z —w=0, 
Pad, 
X" —w=0, 
Y"-w-0, 
Z” —w=0, 
pr 


and the nodes are 
CO Bah Who AAP Yok 
(omg (aOoyo spp BYE, 
Ce Sooke» ES TER 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
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to deduce the coordinates 


(HT Bas AN ER NS 
t Ys 0, X 0 Ji 
UU, TI Ü 0 ki 
(0, A ahi ae | 
koi in ee 0, 1 ), 
ña Van A, 
€ A CN LA 


(>e; B' > 0 , y ya B' ), 


(da, BB, xy, 0 


) 


( 0 pay A y” ae a’ By ), 
( a" 0 Tine y", B By" al”), 
(- a”, pg" , 0 , yy a" 8 l j^ 


(ax, 88, wy, 0 


) 


Kummer; and by means of his 
(differently arranged) diagram of the relation between the several nodes and planes, 
I was enabled to form the following square diagram, which exhibits this relation in, 
I think, the most convenient form. To explain this, observe that in the upper and 
left-hand margins, the numbers refer to the nodes; in the body of the table, and in 
the right-hand margin to the planes, the table shows that for the node 1, the 
circumscribed cone is made up of the planes 1, 6, 7, 8, 9, 13; and that the remaining 
15 nodes are situate on the nodal lines of this cone, the node 2 on the intersection 
of the planes 7, 8; the node 3 on the intersection of the planes 6, 8, and so on; 
and the like as regards the other lines of the table. 
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9] ‘etait L ETI 


€I 91 ‘et ‘9 “G ‘OL 


y “cl 91 'e ‘T 
ee tesi 9i 
¡A er 
L^ 'e ‘OL ‘FI 
6 '€ ^r ‘6 ‘SI 
L'9'g “91 “GI 
8 “9 ‘9 “91 ‘TL 
€ ‘8 'L ‘FT “01 


9.259 er ‘6 
SINOD 


6 


T 


* [or melon s% lor'tilor'ori 916 | orsdus | Or? 6% | 91%] S | O18 | 6% | OL 
O16 | * j|er'e |ct'or at 'er| 4'g |stéor] SI '6 | IS | GT 4 | OTe we CTL | GI '€ 1 0L 4| 6% | et 
11 “6 | 31 ‘6 WE GI IT | PT GT | PL II ou *L'6 | GI'G pr 419] 6 | G19] I1'9| FL | 6'9 | FI 
TI ‘OL | ZI ‘OT an * [eL Gl an etsoi| € 'T | Slat | IT | DI-A Per | er'e.| 118 | OLS | er'T | SI 
8 GEENE CHET ET * {Pt ‘et | St 'etr at FI} ai | GT? | YI | et 'F | STF | er ‘8 | HLS! ST ‘8 [| SI 
OL III” L “e |9L'IT| eL IL] PL SI] -* `|9L'GI|9T“rI| OTS | i12 | HLS | et “G vet 4 | ue | yt 24 SIL [TI 
91 “01 er 9% |SI'OI|ET “SI |ITISI| * oust 91% | GEZ | OL ‘9 P 91 ‘9 | S1 '9 | OL G | er ‘9 | Ot 
916 | et '6 | v1 '6 | e't [ST TESE FII 91 'GT| * |91“ at YT | 6'a |or'a|si'a]|ri'a| 6 T |6 
9t'8 | éL e 131% | et'1| e1 8| 91 '€| 91% | 9T T | * LISTE To Bales Sle YE ez] 8'1 18 
Cy? HLS HOT Sl KI AL LEG] elt] SA * # Pip AS Ri Bri AL S| E Y) 
01“ |or'e | 19 | OL T | TIT | FI '€ as FLT | Sale| PI * t€ 1-9 Rit 9.'€ pon 91 |9 
67 108.536 W PELS | el Fin eL 6 Sey 68.) 63 | FE | Fs * PPE ee wq E A | 9 
9015 ^er | et '9 | et '€ | GLH | OL 2 P gr'e |or'et| L5 | 9% | GH] * NEC tail li 
118 Esa TII, at'8 me er | re Ssg "RETI a PE * Pr 8'ole 
01 9 OILS WS | or'e| yr ‘SE rk'é (OUSA FL 8 | 8 €.| L'€ OT ud 82. 81 1% 
6'8 |séZlsy] 49 "P ers | SEE A 4'E || 'E L61'6:175,9 ET et ou I 
9T SI Y] — el Gl 11 = sol 6 8 z 9 g Y € G I SIGON 


2 
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158. The before mentioned irrational equation may be written 
V1.5 +J2.6 +V3.7 =0, 
and by symmetry we see that also 
V1.9 42.10 -- V3.11 — 0, 
/1.13 4 2.14 c 3.15 =0; 


viz, these are three equations each containing the planes 1, 2, 3, which are three of 
the planes belonging to the node 1; the other three planes in any such equation 
(for instance, the planes 5, 6, 7, in the first equation) being three planes belonging to 
another node. Instead of the planes 1, 2, 3, we may have any other three planes 
belonging to the node 1; and instead of the node 1, any other node; but each 
equation belongs to two nodes: the number of equations is thus 


6.5.4 


1.2.9 * 16x3+2, = 480. 


159. To obtain the planes belonging to any such equation, combine any two of 
the outside right-hand lines of the diagram, these contain in common two numbers 
the places of which are interchanged; striking these out, we have four columns, and 
taking out of these any three columns, we have the corresponding sets of planes. For 
instance, lines 1 and 2 contain 78 and $7 respectively; striking these out, the lines are 


l| 9,5183, $0; 
2o: dy das d 


whence we have the sets (1, 9, 13) and (2, 10, 14); viz, there is an irrational equation 
of the form 
41.2 -- 9.104 13.14 — 0, 


but it is probably necessary to introduce constant factors along with the products 
1.2, 9.10, and 13.14 respectively. There are 116.15, =120 pairs of lines, and each 
line gives 4 equations; in all 120 x 4, — 480 equations, as above. 


160. I stop to remark that Kummer gives for his 13-nodal surface an equation 
containing three arbitrary constants, say X, w, v, such that, putting one of these = 0, 
we have the 14-nodal surface; putting two of them each =0, the 15-nodal surface; 
putting all three of them =0, the 16-nodal surface. The equations for the 16-nodal 
surface and that for the 14-nodal surface, made use of by Kummer, are, in fact, those 
deduced as above from the equation of the 13 (a)-nodal surface: and the like form 
might have been used for the 15-nodal surface. But the form actually used by 
Kummer, as presently appearing, is an equivalent form not thus deducible from the 
equation of the 13 (a)-nodal surface. 
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The 15-nodal Surface 15(2, 1, 1, 1, 1). 


161. Kummer's equation is readily converted into the following: 


Au? + 2B 4 04% aye P — 0, 
the circumscribed cone being thus 
(LA +mP'P”) xyz P — 0, 
and the equation being in the node-form (2, 1, 1, 1, 1). 


The formule for the 15 nodes and the 10 singular planes depend upon a quadrie 
equation, for the symmetrical expression of which I write 
a'a” AP. B"y = ga" bati y'a c yy” dd a" B' = W, 
aa’ ua y” e BBE his ya” - yy mon a B" =o E 
so that 
w — T = By” ES y a ya” e y'a = a B” md a” / 
w afe 5 = aa’ ate BB” + yy” : 


the equation in question then is 


kl 
(9g ut ose 
so that, calling the roots of it pı, pa, we have 


Kl 
AO po O GR Duo, QE 


or we may write 
pa=twotatyQ), = 4 (aa + B'B" x ywvy' + VQ), 
p=} (o+ 40) =4(da'+BB'+qy-NO), 
if for shortness 
Kl 
aßym ` 


Q=(w-w)-— 
162. I write also for shortness 
a =(B— y) xa” t a (8'B" — yy”), 
b = (y — a) 8'8" + B (yy — au"), 
e — (a — B)q'y" +y («a — BR"); 


and I say that the singular planes are 


a) (1) z=0, 
2 (2) y=0, 
8 (3) 220, 
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1 AE 
ipu or TERN £ ERE An 
(4) (9) By" w) + (p PA T 0, 
10) -=(¥’-w) +( o 
(5) (10) ae w)-t(p-—o)l- ke 


( (11) - ag (e i o) : 


— aes dE 
-H 
ie 
p m 
ll 
© 


o (13) — g Q"- (p - e) (442) - o 


lu “DIL 
2 


(a) (14) -z (Y 00) + (air a) +5) =0, 
o (15) -3 = 10) +t. (pa) E +5) arg 
9. (8) P=0:; 

and that the nodes are 
a (1) (0, —-8, y, «a By), 
e (2 (a, 0, —-y, B'B"ya) 
$9 (3 Ea B8, 0, wyw'aB), 
W. (9) { 0 dd P cy , —(&- B8B") a(p- yvy" Mo. — BB, 
5) (10) (-(o.— vv?) 0 E aua. B sii )(pa— gren 
€) (11) { a-E8B”, —(p,—a’a”), 0 » Y (ox — BB") (p, — aa” )), 
m (13) { 0 , p—YY' , —(p—-B8B a (pa— YY") (a zil , 
& (14) [—-(n—vv"^) 0 ; paa”, 8 (p,— a'a" ) (p, — yy" )), 
Q (15 [ &—88" , —(p—aa”) 0 » y (p — BB") (py da), 


0 
az) (6) (0, 1, 0, 0), 
as) (7) (0, 0, 1, 0), 


as (16) (ka ( — a v9), $38(b—849Q) 4y(c—y7 VQ), Es). 


4m 


as) (12) (ta (a a0), kB(b+BVQ), y(c+ys2), a. 
163. “The small reference numbers are those used by Kummer. It is, I think, 
better to retain the reference numbers belonging to the case of the 16-nodal surface; 
viz, there are here given, large, 1, 2, 3, 8, 9, 10, 11, 13, 14, 15 for the planes, and 
1, 2, 3, 5, 6, ... to 16 for the nodes. Belonging to each node (that is, with the node 
as vertex) there is a quadric cone passing through 8 other nodes; and each node lies 
(exclusively of the cone whose vertex it is) in 8 such cones We have thus the 
following square diagram: 
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164. The arrangement is the same as in the 16-nodal square diagram; only, in 
the right-hand margin, a bracket (6, 7) denotes that instead of the planes (6, 7) we 
have a quadric cone; which cones are, in the body of the table, denoted by C. Thus 
for the node 1 the sextic cone is made up of the planes 1, 8, 9, 13 and of a quadric 
cone (6, 7), =C: the remaining 14 nodes lie on the nodal lines of the sextic cone, 
viz., the node 2 on an intersection of the cone C with the plane 8, the node 3 on 
an intersection of the same cone and plane, the node 5 on the intersection of the 
planes 9, 18, and so on. 


The Equation of the 15-nodal Surface, as deduced from that of the 18 (a)-nodal. 


165. If, in the equation hereafter given for the 18-nodal surface, we write v=0, 
4 —0, or (what is the same thing) in that of the 14-nodal surface we write w= 0, the 


form is 
w (A + 4Xyz) 


+ 2w (B — 2Xyz X) 
E C.='0. 
The circumscribed sextic cone is thus (2, 1, 1, 1, l), 
(eya + Bya* + any + aaz) yz (P — p, P^) (P! — p,P”)=0, 


where pı, p, now denote the roots of the equation 


A(pa—a”y— La (w— w) pa'w" = 0. 


BB YY 
The singular planes are 
(4) w=0, 
(12) P'— p, P" =0, 
(16) P—aP a0, 
(3) z — 0, 
(2) y= 0, 
(15) oe p (Z — ww) — (Z" — Ww) - 0, 
idi Mrs P(E! 0) - l" -u)=0, 
(14) Berg P(Y’ 9) (Y — 0) =0, 
(10) ra p? 0) - QI -w)=0, 
(9) X — w — 0, 


and we have then the same square table as before: the coordinates of the 15 nodes 
may be obtained without difficulty. 


www.rcin.org.pl 


454] A THIRD MEMOIR ON QUARTIC SURFACES. 289 


166. The form is really equivalent to that first considered in regard to the 
15-nodal surface. To show that this is so, we have only to arrange according to powers 
of æ; viz, the equation thus becomes 


a (yy lé y» +(BB'B"y 22 + w? — 2BRB'B" zw + 2yy wy +288'B "yy y"yz) 
+ Da [yy y"ava "yz + aaa” BB'B” ye? + BB'B"2w-— zw — wy — yyy wy” + Myzw) 
+  (ada"yz + wy — wzy — 4Xyzw (X — w) =0, 


where, if for a moment A denotes the coefficient of æ, we have y=0, 2=0, w=0, 
X —w=0, four tangent planes of the quadric cone A — 0. 


14-nodal Surface 8(3,, 1, 1, 1)+6(2, 2, 1, 1), Node-form (3,, 1, 1, 1). 


167. In the equation hereafter given for the 13-nodal surface, writing »=0, the 
sextic cone becomes 


de (alye + paz? + Byaty + any? + aBuya) (P’— p,P”)(P’— pP”) = 05 
viz., this is of the form in question (3,, 1, 1, 1); and the equation of the surface is 


WA + 4 (Xy + pa) z — Auz? 
+ 2w iB —2(XyX + uc Y) 2) 


+ 0 =0, 
The singular planes are 
w = 0, (4) (9 
P' —p,P” =0, (12) € 
P'—p,P" =0, | (16) (9 
Z = 0, (3) @ 
y" "a B (Z (Z" — ) = 0, (15) (6) 
A Pi = w) — w 
TB on MEE 
a la! B" p» (Z mer w) = (Z w) = 0, (11) (5) 
and the nodes are 
(0, 0, 0, 1), (8) (1) 
(1, 0, 0, 0), (5) (18) 
(0, 1 0, 0), (6) (14) 
(0, 0, 1, 0), (7) 0 


B’ B” > a a” HU es a By 7 a BW pi 
p" A B'p» a! T - apa yy y” ( p" ad p pa) ( a” E» ze E 
an T , RA ; & Se eee AE DD 15 (3) 
uis wa ABBY pi (15) 
C. VII. 37 


( B'—Bp -adp 9 wy" (B IRE ED (1) (9 
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ada _ BB'B” yy y” j 0 ) 
^ B" — B'o — B' pi y” E y Pr > 2 


GE, 
(= aaa” are feg yy y” 0 ) 
( 
( 


a” = ap: BY — Bip,” y Yp 
al a" i Bg B” | y y' e 0 pi 
UT B , 0 > y y'aB y 


two nodes on line 


and two nodes on line 


POR 


y'a 8 1 petes = (dé LÈ. = Y — MN. 3 
y'a" p” Pi (Z w) (Z w) 0, a p,P a 0, 


(16) (7) 

(12) 6 

(4) (9 

(3) e 

(13, 14) @, 10) 
(9, 10) (1,19) 


where the large numbers are those for the 16-nodal surface, the small numbers are 


Kummer’s. 


168. In these formule, pi, p, denote the roots of the equation 
(8^ + wat") (pap 
+ (AB? + ua?) (a^ 8^ 


1 
ae 2 a8 A + w'a” T I —— " w dea 5 | a B'a” y na 0. 
| B" + u 2yy ( Plp B 


169. The relation of the nodes and sextic cones is given by means of the square 


diagram on the opposite page: 
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where the arrangement is the same as before; only in the right-hand margin, a 
bracket (5, 6, 8) denotes that, instead of the planes 5, 6, 8, we have a nodal cubic 
cone (5, 6, 8), which is in the body of the table referred to as C, and the nodal line 
thereof by x; and the brackets (2, 5), (9, 13) denote that, instead of the planes 2, 5, 
we have a quadric cone (2, 5), and instead of the planes 9, 13, a quadric cone (9, 18); 
which cones are in the body of the table referred to as D, D’ respectively. And it 
is to be understood that each vacant square of the table should contain the symbol 
(D, D’), this being omitted only for the purpose of better exhibiting the form of the 
table. 


170. The equation of the surface may be presented in the irrational form 


(PAP) YB — w) — ya" BL — wi 
+ (pi — pz) y epa pr (55 t an) zw = 0. 
In fact the norm of the left-hand side is 
= (pi — paj (e — e (w? [A + 42 (Ay + pa) — Naz] 
+ 2w [B — 22 (&yX + ux Y)] 
+C # 


To partially verify this, observe that, writing the equation under the form yR +vS+vT=o, 
on writing therein w 20, we ought to have 


(R —S)=(p: — pe) (w — e (ada"yz + BB'B" za + vi'n] ay). 
But writing w=0, we have 
R c S ES UE iz Pi P" (y u B'p, Z' =< ya BZ 
M (P 43 pa P^) (ya B'p YAN m y a^ 8" Z^), 
(ps Eb p) (y'a B'P'Z' € y'a" B" P"Z"), 
(po E» p) ty" (B'y'z + y ay + a B'z) (88"x = aa^) 
pon y (B"y'e + ya^ + a 8" z) (BR’x pra aa’y)}, 


which is easily found to be 


= — (p.— p.) (e — w) (aa'a"yz+ BRB cn + ry y y); 
and thus (R — Sy has the value in question. 


171. In further verification, observe that, writing æ, y, z — a'a^, B'B”, yy”, and 
therefore P’=0, P”=0, we ought to have 


! Qi ul! Qr A 2 2 9 
(p: — pa)” (a B'a" B” y (a * as) zu? = (p, — pay (o — e) w [A + 4z (Ay + pa) — Aue"), 


observing that, for the values in question, B, X, Y, C all vanish. 
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This is 

! Qt MAYI A Pa OF ? TK Inr P. LI 
(a-p (B e ga) Gy (0= Y (o m m Ay" ABR + paa” MAY, 


which is in fact the value of (p,— p.) obtained from the equation in p. 


The 13 (a)-nodal Surface 3(4,, 1, 1)-- 1(3, 1, 1, 1) 2-9 (3, 2, 1). 


172. The equation, node-form (45, 1, l), is 
w (A + 4 (Xyz + pzs + vay) — 4 (uva? + vy? + Xuz?)) 
+ 2w (B — 2 (XyzX + uzxY + vzyZ)| 
t Ug: 
viz, for the circumscribed cone we have 
{A + 4 (Aye + pzz + vay) — 4 (uva? + vy? + Muz”); € 
— (B - 2 (XyzX + uzz Y + vayZ)) 
= 4 [Aay + Br + vya?y” + oj +yay'zu + aB2ay) 


^g 


where, on the right-hand side, the first factor, equated to zero, represents a trinodal 
quartic cone, the nodal lines whereof are (y — 0, z= 0), (2-0, 2=0), (2=0, y - 0). 


x = NOVO’ 14 


173. As regards the second factor, it is to be observed that, writing as above 
or -5 ox B'y Hn — BY, 1 kè ya” wad y'a, = ap” 2 a’ / 


we have identically 


Xx 

(Pp! —a'P' = m — ; T. A 

T BB’ yy” a’ 
ES 

pr _ B’P” = E rt 

8 yy aa” B’ 
DI “ poo wr Z. 

yP y P ~ ea" BB” y? 


so that the second factor is 
1 ME P. JH , / sw 174 2 DUM, / 14 sw MAT) 
= Coney OEA Y y («P - d Py a o day (8 P'—B'P'Y 
e y (GERB Y (yP ku. o y alis + (@ Ei a) aa BB" yy PP” ; 
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or, what is the same thing, 


GE DB +H (y ev By) E PY 
— [A(t p y a'? 4- v (a B y] (a" "y" PY 
T 2[X(8y'8 B' V'Y+ uy ay"a")+v(a'B'a a" B^) -- 3 (v — my] x a By Pa By s fize 


so that, equating to zero, we have a pair of planes, each passing through the line 
P'=0, P"—0, and which it is clear must be the tangent planes from this line to the 
quadric cone A’=0. I will presently return to this, but I consider first the foregoing 
identical equation in regard to the circumscribed cone. 


174. In verification hereof, observe first that, if æ= 0, the equation becomes 

((y — 2} + days — 4X (vy? +2) (ada? yi? — (ada (ha — 2) — 2Xyza (y y"y — B'B"a)yp 
= 42 [— My yy — B'B”2Y— (aa'a"Y (vy? + uz?) — vaa” (yy + B'z) (^y + B'2)j, 
viz., omitting terms which destroy each other, this is 
[(y — 2) + 4ryz] (ag'a Y yea? — [ada” (y'z — yg) — Ayza Qr y — B'B'Z)È 
= 4xytz [— da? (vay — B'B"zY— vaa” (yy + B2) (yy + B"2)). 
Or again, this is 
trys (auta yr + drys ada” (y'a = yè) Y y — BBC) 


rou A AN 2? ata! a" (y'y ake B'z) (yy + B"z) ; 
viz., this 1s 
ad'ya+(y—-2)(vy'y= BB"e)=(vy+Ba)(v'y+B8”a), 


which is at once seen to be true, 


175. Again, compare the terms which contain x*yz. On the right-hand side, we 
have 

4 2 a e 2 of x? r Li tou “y y n "p A 

By a’yz x term in 2? o (=a -u5 LLL E de. : 


viz, the coefficient is 


=4By -u(y y F- v (BB'S + BB YY} 


On the left-hand side, that is in A'C — B, the only terms which give rise to the 
terms in question are 


in A’, (1— 40») 2; in C, 288 B "yyy" eyz; 
and in B' 
(yy y” —2vyB'B") a'y, —(BB'B" — 2, yy") a?z ; 


whence the coefficient is 


288' B" yy y” (1 ké. 4uv) E 9 yy y" zs 2wyB' B") (BB'B” rad 2uBy'y dé * 
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which is in fact 
= 4By (- u (YYY — v (BBY + BBY}, 
which is right; and the verification may be completed without difficulty. 


176. The singular planes are 


w=0, (4) 
P'— p, P" =0, (12) 
2 PRETO, (16); 
and the nodes are 
(0708 ZIN; (8 w 
10,0 0) (5 0) 
(0... Es 0-0) (6) ©) 
(00: 1,170) (7) € 
ada” 'g" kaj” 
(zè pa e m AA, 0) (16) w 
we "Qu Ln 
(emus P-gp Fere?) 202 o 
CE esd ABR en Ol (4) w 


three nodes in P’—p,P”=0 (13, 14, 15) ($9.10 
5 h P’—p,P”=0 (9, 10, 11) 311215; 
where the small numbers are those used by Kummer, the large ones are those 


referring to the 16-nodal surface, and are here adopted. In the foregoing formule 
pi, p: are the roots of 


[^ (BY F + p (v'a'Y +o" B Y) (pa BY 
+A Y Y. +u(ya Y +v(a B Y] (a R YY 
AE 2 [X vy "y" ya pý a y" a! ak va B'a" 8" + i (w AN «)] pa B'»y'a" "vy" = 0. 


177. We have the square diagram in the following page: 
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where for greater clearness I have omitted the symbol CC’, which is to be understood 
as occupying each of the vacant squares. 


The arrangement is the same as before; the right-hand margin shows the sextic 
cone; viz, for the node 4 this is made up of the singular planes 4, 12, 16 and of 
a cubic cone represented by (5, 6, 7) (as replacing the planes 5, 6, 7 in the case of 
the 16-nodal surface). Similarly for the node 5, the sextic cone is made up of the 
Singular plane 4, the nodal cubic cone (2, 3; 5), and the quadric cone (9, 13) (the 
numbers in these last symbols indicating the planes in the case of the 16-nodal 
surface, which are here replaced by cones). So for the node 8, the sextic cone is 
made up of the singular planes 12, 16 and of the trinodal quartic cone (8; 1, 2, 3). 
As regards a nodal cubic cone, for example (2, 3; 5), the semicolon is used to indicate 
that the nodal line replaces the intersection of the planes 2, 3; the other intersections 
2, 5 and 3, 5 having disappeared. And so for a trinodal quartic cone (8; 1, 2, 3), 
the semicolon is used to indicate. that the nodal lines replace the intersection (1, 2), 
the intersection (1, 3), and the intersection (2, 3) respectively; the other intersections 
1, 2; 2, 8; and 3, 8 having disappeared. Finally, in the body of the table, C is used 
to denote the cubic or the quartic cone (as the case may be); x to denote a nodal 
line of either of these cones; and C” the quadric cone; as already mentioned, the 
vacant places are considered to be CC’. 


The reading of the table is then as follows; viz, for the node 4, the remaining 
twelve nodes lie on the nodal lines of the sextic cone 4, 12, 16, (5, 6, 7), as shown; 
viz., 5, 6, 7 are each of them on the intersection of the cubic cone with the plane 4; 
8 is on the intersection of the planes 12 and 16; and so on. 


I reserve for another Memoir the discussion of the 13 (8)-nodal surface, and the 
surfaces with less than 13 nodes. 
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